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Abstract

With the aim of providing a worldsheet description of the refined topological string, we continue the study of a
particular class of higher derivative couplings Fgn in the type 11 string effective action compactified on a Calabi—
Yau threefold. We analyse first order differential equations in the anti-holomorphic moduli of the theory, which
relate the Fynto other component couplings. From the point of view of the topological theory, these equations
describe the contribution of non-physical states to twisted correlation functions and encode an obstruction for
interpreting the Fgy, as the free energy of the refined topological string theory. We investigate possibilities of
lifting this obstruction by formulating conditions on the moduli dependence under which the differential equations
simplify and take the form of generalised holomorphic anomaly equations. We further test this approach against
explicit calculations in the dual heterotic theory. © 2015 The Authors.Published by Elsevier B.V. This is an open
access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Since the first construction of topological
string theory [1], its connection to higher
derivative couplings in the string effective
action has been a very active and fruitful
field of study. Indeed, in [2], a series of
higher loop scattering amplitudes Fg, in
type Il string theory compactified on a
Calabi—Yau threefold, was computed and
shown to capture the genus g free energy of
the topological string. These couplings are
BPS protected and involve 2g chiral
supergravitymultiplets. The result of [2] is
interesting from a number of different
perspectives. On the one hand, the Fg
encode very important target space physics,
for example in computing macroscopic
corrections to  the  entropy  of
supersymmetric black holes (see for
example [3]). On the other hand, they
provide a concrete worldsheet description

of the topological string which is very
powerful in studying its properties [4].

During the last two decades, the work of [2]
has been extended and many new relations
between topological correlation functions
and higher derivative effective couplings in
string theory have been found [5-13].
Along these lines, it was suggested in [14]
that a suitable generalisation Fg,n of the Fg
could provide a worldsheet description of
the refined topological string. The
refinement of the topological string consists
of a one-parameter deformation of
topological string theory, inspired by recent
progress in the study of supersymmetric
gauge theories [15-17], so that its point-
particle limit reproduces the partition
function of supersymmetric gauge theories
in the full -background. In this
correspondence, the topological string
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coupling gs is identified with one of the
geometric deformation parameters —, while
the refinement is an extension associated to
the second parameter +. The first proposal
successfully satisfying this requirement
was presented in [18], through explicit
computations to all orders in a in heterotic
string theory.

From the target space point of view,
numerous different descriptions of the
refinement exist, such as the counting of
particular BPS-states in M-theory [19], the
refined topological vertex [20], matrix
models using refined ensembles [21] or
through a construction of the -background
using the so-called flux-trap background
[22]. In a recent work [18], we proposed a
worldsheet description of the refined
topologic string using a generalisation of
the couplings Fg involving two Riemann
tensors and 2g — 2 insertions of graviphoton
field strengths, by additional insertions of
chiral projections of specific vector
multiplets. These couplings are of the
general form discussed in [23,14] (see also
[2,8,11-13]). The precise nature of the
additional insertions is crucial in exactly
reproducing the Nekrasov  partition
function both perturbatively [18] and
nonperturbatively ~ [24].  Specifically,
working in  heterotic string theory
compactified on K3 x T 2, we computed in
[18] a series of refined couplings FT g,n
which include additional 2n insertions of
the field strength tensor of the vector
superpartner of the Kahler modulus of T 2
(T -vector). These amplitudes are exact to
all orders in o and start receiving
corrections at the one-loop level in gs. At a
particular point of enhanced gauge
symmetry in the heterotic moduli space,
they reproduce exactly the perturbative part
of the Nekrasov partition function in the
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point particle limit for arbitrary values of
the deformation parameters.1 A very strong
check of our proposal was performed in
[24] (see [26,27] for reviews and [28,29] for
earlier partial results) by computing gauge
theory instanton corrections to Fg,n, which
precisely reproduce also the non-
perturbative part of the gauge theory
partition function.

The connection between the couplings
studied in [18] and the full Nekrasov
partition function is a very strong hint that
our proposal for the FT g,n can indeed
furnish a worldsheet descriptionof the
refined topological string. In this context,
non-physical states of the topological
theory are required to decouple from Fg,n.
In the unrefined case (i.e. for n = 0), this
requirement has first been studied in [4]: in
the twisted theory, the BRST operator is
identified with one of the supercharges of
the original N = 2
worldsheetsuperconformal theory. Thus,
some of the moduli of the untwisted theory
are not part of the topological BRST
cohomology and are ‘unphysical’ from the
latter point of view. This implies that Fg
should possess holomorphy properties. In
the supergravity formulation, this agrees
with the fact that the Fg only depend on the
chiral vector multiplet moduli and can be
written in the form of BPS-saturated F-
terms in R4|8 superspace. However, as
pointed out in [4], in string theory, there is
a residual dependence on the anti-
holomorphic moduli due to boundary
effects in the moduli space of the higher
genus worldsheet. This gives rise to a
recursive differential equation known as the
holomorphic anomaly equation, which
relates the anti-holomorphic  moduli
derivative of Fg to combinations of
(holomorphic derivatives of) Fg with g < g.
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In this paper we study the question of the
decoupling of anti-holomorphic moduli in
the case of the Fg,n studied in [14,18] by
deriving differential equations for the
corresponding effective couplings. For n >
0, the Fg,n are no longer F-terms, but also
contain chiral projections of superfields.
Therefore, a priori, there are no constraints
on their dependence on anti-holomorphic
moduli, even at the level of supergravity.
However, by analysing the structure of the
couplings in superspace, we obtain
differential equations which relate anti-
holomorphic derivatives of Fg,n to new
component couplings, and the latter can be
realised as scattering amplitudes in string
theory.

By studying these relations in detail in
supergravity, we can reformulate the
vanishing of the anti-holomorphic vector
multiplet dependence in Fg,n as well-
defined conditions on the moduli
dependence  of  particular  coupling
functions in the effective action. The latter
conditions go beyond the constraints of N =
2 supersymmetry and might be interpreted
as a consequence of a U(1) isometry present
in a special region in the string moduli
space, as required from the point of view of
gauge theory in order to formulate a
supersymmetric -background [15-17]. In
this case, since such isometries are
generically not present in compact Calabi—
Yauthreefolds, the  conditions  for
decoupling the anti-holomorphic vector
multiplets might be regarded as Ward
identities related to the appearance of U(1)
isometries in suitable decompactification
limits.

Extending the supergravity analysis, we
derive explicit differential equations for the
Fg,n in the framework of the fully-fledged
type Il string theory compactified on

' g AN
OURNAL O cygpeNT SCIENCE AND
Impact Factor- 2.05

generic Calabi—Yauthreefolds. We relate all
new component couplings involved in these
relations in the form of higher genus
scattering amplitudes and express them as
twisted worldsheetcorrelators on a genus g
Riemann surface with 2n punctures. The
equations we obtain contain corrections
induced by boundary effects in the moduli
space of the higher genus worldsheet. From
the string theory perspective, the
decoupling of non-holomorphic moduli
translates into well-defined conditions on
the worldsheetcorrelators. The upshot of
our approach is that it provides a solid
framework, based on physical string
couplings, in which the above mentioned
Ward identities may be analysed in the full
worldsheet theory. In particular, we can
formulate conditions under which the
string-derived differential equations reduce
to the recursive structure of a generalised
holomorphic anomaly equation. Equations
of this type were postulated in [30,31] as the
definition of the refined topological string.
Finally, we also study the differential
equations in the dual setup of heterotic
string theory on K3 x T 2. On the heterotic
side, the FT  g,n start receiving
contributions at the one-loop level and
therefore constitute the ideal testing-ground
for the ideas developed in type IlI,
particularly for certain decompactification
limits. We find that in the large volume
limit of T 2, they satisfy recursive
differential equations which precisely
match with the weak coupling version of
our differential equations in type Il, hence
providing a non-trivial check of our
approach. On the other hand, we use the
heterotic setup to study boundary
conditions to the differential equations
developed in this work. Indeed, in [30,31],
the field theory limit was used as a
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boundary condition to solve for the
couplings Fg,n. In the present case, while
the equations in type Il are essentially
covariant with respect to the choice of
vector multiplet insertion in Fg,n, only the
specific choice of the T -vector for FT g,n
was found in [18] to reproduce the gauge
theory partition function. Here, we show
that also other choices of vector multiplet
insertions lead to the same boundary
conditions when expanded around an
appropriate point of enhanced gauge
symmetry in the heterotic moduli space.

The paper is organised as follows. In
Section 2, we prepare the ground by
discussing the effective action couplings
Fg,n and extract several relations among
them implied by supersymmetry. In Section
3, we derive equations in type Il string
theory compactified on a Calabi-Yau
threefold. We derive all necessary
amplitudes at higher genus and identify
string theoretic corrections to the
supergravity equations as boundary terms
of the worldsheet moduli space. In Section
4, we discuss simplifications of the
differential equations which we propose to
be the effect of U(1) isometries of the target
space Calabi—Yau threefold. In particular,
we point out that, under certain conditions,
a recursive structure emerges in the
equations, both at the supergravity and at
the full string level in type Il. In Section 5,
we consider the dual heterotic theory on K3
x T 2. We first perform a check of the
results obtained in type Il from the heterotic
dual computation and then provide
boundary conditions to the differential
equations by reproducing the Nekrasov
partition function for different vector
multiplet insertions in Fg,n. Finally,
Section 6 contains a summary of our results
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and our conclusions. Several technical
results are compiled in three appendices.
Interpretation and conclusions

In this paper, we have discussed the class of
superspace couplings (2.7) in the N = 2
supergravity action. We have analysed
consistency conditions between its various
component terms that are imposed by
supersymmetry. These do not simply
constrain the moduli dependence of a single
component coupling (e.g. holomorphicity
as in the case of n = 0, see [2]), but rather
relate different component terms with one
another. These relations were formulated as
first order differential equations, e.g. (2.16)
and (2.17).

Based on the evidence in support of our
proposal [18] for the Fg,n as candidates for
the refinement of the topological string,
following [14], we derived all couplings
(2.13) as higher loop scattering amplitudes
in the framework of type Il string theory on
a (compact) Calabi—Yau manifold. These
string effective couplings were shown to
satisfy (2.16) and (2.17) up to additional
terms  which arose as boundary
contributions of the moduli space of the
genus g worldsheet with n punctures. The
latter play a similar role as the holomorphic
anomaly found in [2] in the case of n = 0.
The resulting equations (3.18) and (3.19)
are solely a consequence of the N = (2, 2)
worldsheetsupersymmetry and hold at a
generic point in the string moduli space.
Provided certain well-defined conditions
are met, these equations reduce to a form
involving only one type of component
couplings and exhibit a recursive structure
in both g and n. The resulting equation (4.8)
is structurally similar to the generalised
holomorphic anomaly equation proposed in
[30,31] as a definition for the free energy of
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the refined topological string on local/non-
compact Calabi—Yau manifolds.

These results support our proposal [18,24]
for the couplings Fg,n as a worldsheet
definition of the refined topological string.
The present work further analyses the
necessary conditions for the validity of our
proposal. At a generic point in the moduli
space of a (compact) Calabi—Yau manifold,
the couplings Fg,n are not BPS-saturated
and their (twisted) worldsheet
representation (3.3) is not topological. This
manifestsitself in the fact that the Fg,n are
related to different classes of couplings. We
expect that the U(1) isometry, recovered at
certain regions in the boundary of moduli
space, is responsible for a simplification of
these equations (see e.g. (4.8)) that is
appropriate for a topological object. We
have provided the well-posed necessary and
sufficient conditions (4.9) (formulated in
terms of physical quantities only) for this
modification to happen. Furthermore, by
analysing the explicit form of the Fg,n in
the dual heterotic theory on K3 x T 2, we
obtained perfect agreement with the weak
coupling limit of (4.8). An interesting open
question concerns the study of explicit
examples of Calabi—Yau geometries and
the analysis of the geometric implications
of the consistency conditions derived in this
work.

As was also noted in [30,31], the
differential equations are not sufficient to
define the partition function of the free
energy of the topological string since it
must be supplemented by suitable boundary
conditions. One such condition is the point
particle limit in which the topological free
energy, when expanded around a point of
enhanced gauge symmetry, should
reproduce the partition function for N = 2
supersymmetric gauge theories in a general
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-background. In the case of the string
couplings Fg,n, this limit was analysed
perturbatively and non-perturbatively in
[18, 24] for A p being identified with the
vector superpartner of the heterotic T -
modulus of T 2, and indeed the full gauge
theory partition function was reproduced.
In this work we have extended this analysis
and found that all couplings Fg,n with

N Ty 11
Fgn with . € grmzomm
reproduce

perturbativelyNekrasov’s partition
function, when expanded around an
appropriate point of enhanced gauge
symmetry in the string moduli space.

In summary, the findings of this paper
further corroborate our proposal that the
string scattering amplitudes Fg,n can
provide a worldsheet description of the
refined topological string. Indeed, we have
elucidated the conditions under which such
an identification is possible. We have also
shown that our proposal is compatible with
other approaches towards the refined
topological string. In particular, starting
only from physical quantities (i.e. string
scattering amplitudes), we have proposed a
way of finding a generalised holomorphic
anomaly equation, which e.g. in [30,31]
was postulated as the definition of the
refined topological string.
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